Preconditioned conjugate gradient method for the sparse generalized eigenvalue problem in electronic structure calculations

C. K. Gan, P. D. Haynes and M. C. Payne

Theory of Condensed Matter, Cavendish Laboratory, Madingley Road, Cambridge CB3 OHE, U.K.

The use of localized basis sets is essential in linear-scaling electronic structure calculations, and since such basis sets are mostly non-orthogonal, it is necessary to solve the generalized eigenvalue problem Hx = εSx. In this work, an iterative method for finding the lowest few eigenvalues and corresponding eigenvectors for the generalized eigenvalue problem based on the conjugate gradient method is presented. The method is applied to first-principles electronic structure calculations within density-functional theory using a localized spherical-wave basis set, first introduced in the context of linear-scaling methods [Comput. Phys. Commun. 102 (1997) 17]. The method exhibits linear convergence of the solution, the rate of which is improved by a preconditioning scheme using the kinetic energy matrix.

PACS numbers: 02.60; 71.15

Key words: Conjugate gradient. Eigenvalue problem. Preconditioning. Electronic structure.

1 Introduction

Linear-scaling electronic structure methods [1] are essential for calculations of large systems containing many atoms. One of the criteria for the success of such methods is the use of a high quality localized basis set, which is usually non-orthogonal. Using such a basis set, one can formulate the electronic structure problem as a generalized eigenvalue problem Hx = εSx [2–4], which also arises naturally in many other scientific disciplines. The properties of H and S are that they are N ×N Hermitian matrices and that S is also positive definite. For the case where only the lowest few eigenvalue-eigenvector pairs of large N

Preprint submitted to Elsevier Preprint 11 July 2000 matrices are required, most direct diagonalization (e.g. Cholesky-Householder procedure) methods which use similarity transformations [2–5] are inefficient because all eigenvalue-eigenvector pairs are found. The computational effort scales as N^3, where N is the number of basis functions in the calculation. Iterative methods which concentrate on only the lowest few eigenvalue-eigenvector pairs are much more efficient [6–11], and are widely used to solve the standard symmetric eigenvalue problem. Iterative solution of the generalized eigenvalue problem usually proceeds by first performing a Cholesky decomposition of S to obtain a standard symmetric eigenvalue problem. However, in this work the generalized problem, cast into variational form, is solved by the conjugate gradient method without first transforming to symmetric form. The gradient method was proposed long ago by Hestenes and Karush [12,13] to solve the eigenvalue problem, where they used a steepest descent method to perform the minimization.

In this work, we first present an example of a generalized eigenvalue problem taken from first-principles electronic structure calculations. An iterative conjugate gradient minimization method which finds the lowest few eigenvalues and eigenvectors is then introduced. Although this method can be used for Hermitian H and Hermitian-positive-definite S, it will be most efficient when H and S are also sparse, a case which arises when large systems are studied with localized basis sets. We have taken the tensor nature of the search direction and other quantities into account. A preconditioning scheme related to that discussed by Bowler and Gillan in a previous Communication [14] to improve the convergence is proposed. To test the method we use a localized spherical-wave basis set introduced in another Communication [15] to perform first-principles calculations. Test cases are taken from the molecular chlorine and bulk silicon systems. The rate of convergence of the solutions is one of our main concerns here. Linear convergence of the solution is observed from the results of calculations.

2 Formulation of the problem

We give a brief account of electronic structure calculations within densityfunctional theory [16] which requires the generalized eigenvalue problem to be solved (see Ref. [17] for a more comprehensive description). For a system of M electrons, we need to solve self-consistently the Kohn-Sham equations which assume the following form

Ĥψ_m(r) = [ − h̄^2 2m_e

∇^2 + V_{eff} (r) ] ψ_m(r) = ε_mψ_m(r), (1) where Ĥ is the Kohn-Sham Hamiltonian, with energy eigenvalues ε_m and corresponding eigenstates ψ_m(r). The effective potential V_{eff} consists of three terms; the classical electrostatic or Hartree potential, the exchange-correlation potential, and the external potential [17]. The electron density is formed from the M lowest or occupied eigenstates

ρ(r) = M∑ m=1 |ψ_m(r)|^2 . (2)

The eigenstates satisfy the orthogonality constraints where ∫ dr ψ^∗_m(r)ψ_n(r) = δ_{mn}, (3)

for all m and n.

When a non-orthogonal basis set {χ_α(r)} is used, the eigenstates are written as ψ_n(r) = ∑ α x_n^α χ_α(r), (4)

where α labels a basis function χ_α(r). The right hand side of Eq. (4) has been written as a contraction between a contravariant quantity x_n and a covariant quantity χ(r). Substituting Eq. (4) into Eq. (1), taking inner products with the {χ_α(r)}, and using the definitions S_{αβ} = ∫ dr χ^∗_α(r)χ_β(r), (5)

and H_{αβ} = ∫ dr χ^∗_α(r)Ĥχ_β(r), (6)

we obtain the generalized eigenvalue problem

H_{αβ}x_n^β = ε_nS_{αβ}x_n^β. (7)

In writing Eq. (7), we have adopted the Einstein summation notation where we sum over repeated Greek indices. The orthogonality conditions of the Kohn- Sham eigenstates in Eq. (3) translate into

x^∗_m^αS_{αβ}x_n^β = δ_{mn}. (8)

When Eq. (7) is solved, a new output electron density ρ^{(i)}_{out} is obtained and a new input electron density for the next iteration can be constructed by a linear (or more sophisticated [18]) mixing scheme e.g.

ρ^{(i+1)}_{in} = fρ^{(i)}_{out} + (1 − f)ρ^{(i)}_{in} , (9)

where the optimum choice for f depends upon the eigenvalues of the static dielectric matrix of the system. The mixing of densities is carried out until Eq. (1) is solved self-consistently.

3 The iterative method

We shall now consider the case of a real, localized, non-orthogonal basis set, and assume that a real symmetric generalized eigenvalue problem is to be solved. To obtain the M lowest eigenstates, we minimize the objective function Ω which is the sum of M eigenvalues (formed by the Rayleigh quotients) Ω = M∑ n=1 ε_n = M∑ n=1 x_n^αH_{αβ}x_n^β x_n^αS_{αβ}x_n^β , (10)

subject to the orthogonality constraints of Eq. (8). Ω takes its minimum value when {x_i; i = 1, . . . , M} spans the same subspace as the M lowest eigenvectors of Eq. (7). Even though the procedure given below is for a single eigenvector update, it can be generalized easily to an M-eigenvector (or block) update (see Appendix A).

The derivative of Ω with respect to x_m^γ is ∂Ω ∂x_m^γ = 2 (x_m^αS_{αβ}x_m^β) [H_{γμ}x_m^μ − ε_mS_{γν}x_m^ν] . (11)

Eq. (11) defines a covariant gradient

g_{nα} = H_{αμ}x_n^μ − ε_nS_{αν} x_n^ν. (12)

As pointed out by White et al. [19], it is important to consider the tensor property of the search direction. We define the dual basis functions χ^α(r) by the conditions ∫ dr χ^α(r)χ_β(r) = δ^α_β. (13)

The metric tensor S^{αβ} can be defined in terms of the dual basis functions where S^{αβ} = ∫ dr χ^α(r)χ^β(r). (14)

It can be shown that S^{αβ} transforms covariant vectors into contravariant vectors and that S^{αβ}S_{βγ} = δ^α_γ . Hence we transform the covariant gradient g_{nα} into a contravariant gradient g_n^α by using the metric tensor S^{αβ} where

g_n^α = S^{αβ}g_{nβ} = S^{αβ}H_{βγ}x_n^γ − ε_nx_n^α. (15)

The contravariant gradient can then be used to update the eigenvector coefficients in Eq. (4).

The constraints of Eq. (8) can be maintained (to first order) by ensuring that the search direction g^⊥_n^α obtained from g_n^α is orthogonal to the space spanned by all the current approximate eigenvectors. By writing

g^⊥_n^α = S^{αβ}H_{βγ}x_n^γ − ε_nx_n^α + ∑ m x_m^αc_{mn}, (16)

and imposing the requirement that g^⊥_n^αS_{αβ}x_m^β = 0 for all m and n, we find c_{nm} = ε_nδ_{nm} − x_n^αH_{αβ}x_m^β. (17)

We then have g^⊥_n^α = S^{αβ}H_{βγ}x_n^γ − ∑ m x_m^α (x_m^μH_{μν}x_n^ν) , (18)

and g^⊥_{n α} = H_{αβ}x_n^β − S_{αβ} ∑ m x_m^β (x_m^μH_{μν} x_n^ν) . (19)

We can use Eq. (18) as the steepest descent direction for constructing the conjugate gradients. However, the convergence of the solution depends strongly on the ratio of the largest and smallest eigenvalues of H [14,20]. Since the largest eigenvalues are dominated by the basis functions with large kinetic energy, we precondition the search direction using the kinetic energy matrix T where T_{αβ} = − h̄^2 2m_e ∫ dr χ_α(r)∇^2χ_β(r). (20)

We propose to obtain the preconditioned steepest descent direction G_n^α in the same manner as in Ref. [14] from the equation

G_n^α = (S + 1 τ T )^{αβ}g^⊥_{n β}, (21)

which amounts to finding G_n^α by solving

(S + 1 τ T )_{αβ}G_n^β = g^⊥_{n α}. (22)

τ sets the kinetic energy scale for the preconditioning: components of the gradient corresponding to basis functions with kinetic energy much lower than τ are unaffected by the preconditioning, whereas the contribution of components with kinetic energy much higher than τ is suppressed. The limit τ → ∞ thus corresponds to the case of no preconditioning, while the effect of preconditioning becomes stronger as τ → 0. Preconditioning which is too aggressive leads to a degradation of performance, and even the wrong answer being obtained, because it can reorder the lowest eigenvectors. We discuss the choice of τ in Sec. 4. This preconditioning scheme does not rely on the “diagonal approximation” used in Ref. [14], which is appropriate in that case because the overlap between different basis functions is not extensive. One can solve Eq. (22) by using the standard preconditioned conjugate gradient method for linear systems [4,21].

The search direction to be obtained from G_n^α is also required to be orthogonal to all approximate eigenvectors. By carrying out the same procedure as in Eq. (16), we find the gradient which is orthogonal to all approximate eigenvectors is given by

G^⊥_n^α = G_n^α − ∑ m x_m^α(x_m^βS_{βγ}G_n^γ ). (23)

In the conjugate gradient minimization method, G^⊥_n^α will be used to construct a conjugate search direction D_n^α where

D_n^α = −G^⊥_n^α + γD̃^α_n (24)

where D̃_n is D_n from the previous iteration. We give the expression for γ in the Polak-Ribière formula where γ = G^⊥_n^αS_{αβ}(g^⊥_n^β − g̃^{⊥β}_n ) G̃⊥α_n S_{αβ}g̃^{⊥β}_n = G^⊥_n^αg^⊥_{n α} − G^⊥_n^αg̃^⊥_{nα} G̃⊥α_n g̃⊥_{nα} . (25)

The tilde signs again signify the quantities from the previous iteration. Line minimization (see Appendix B) of Ω is then performed along the direction D^{⊥α}_n where

D^⊥_n^α = D_n^α − ∑ m x_m^α(x_m^βS_{βγ} D_n^γ), (26)

which is orthogonal to all approximate eigenvectors. We can systematically update each eigenvector sequentially until the minimum value of Ω is found. The single eigenvector update procedure described above can be generalized to a block update procedure where all approximate eigenvectors are updated simultaneously. The pseudo-code for the block update procedure can be found in Appendix A.

4 Tests of the algorithm

In this section, we present the results obtained from the calculations based on the block update procedure. Test cases are taken from the molecular chlorine and bulk crystalline silicon systems. The localized spherical-wave basis set [15] is used, where the basis functions are chosen to be centered on the atoms. We have used norm-conserving Troullier-Martins pseudopotentials [22] in the Kleinman-Bylander form [23], with angular momentum components up to l = 2. We use an LDA [24] for the exchange and correlation term. Periodicity of the supercell is assumed and the Γ point is used for the k-point sampling.

A chlorine molecule of bond length 2.0 Å is placed in a cubic box of side 10 Å. With a cutoff energy of 640 eV and the basis-function radius R of 4.0 Å, a total of 2×139 = 278 basis functions are used. In Fig. 1 we display the convergence of the sum of Kohn-Sham eigenvalues toward the “exact” value obtained from direct matrix diagonalization, as a function of the iteration number. The convergence of solution is seen to be linear when the number of iterations is smaller than the number of basis functions. To investigate the effect of preconditioning on the convergence of the solution, we have used a number of fixed τ values. It is seen that the performance of the method improves with moderate preconditioning. Fig. 1 shows that τ should be about 10 eV for good convergence. We have performed another calculation with τ updated according to the highest kinetic energy of all approximate eigenvectors, which converges to 24 eV. This is the natural choice for τ used in other preconditioning schemes, and the performance of this calculation (the curve labelled by open diamonds ⋄) is seen to be rather similar to that of the ‘optimal’ case with τ = 10 eV. This method therefore allows τ to be chosen automatically, and optimized during the calculation, rather than being another parameter which the user must specify.

To investigate the importance of preserving the tensor nature of the search direction, we have performed calculations with the same cutoff energy of 640 eV on the molecular chlorine system, but this time with S set to the identity matrix (this corresponds to the case where tensor nature of the search direction is not preserved) and the off-diagonal elements of T set to zero (this corresponds to the diagonal approximation used in Ref. [14]) when we solve Eq. 22. The results of the calculations are presented in Fig. 2 where we have included the tensor-nature-preserving (TNP) curves for comparison. It is found that that the non-tensor-property-preserving (NTNP) cases fail to converge to the right solution. We conclude that it is essential to take tensor properties into account when one is dealing with a non-orthogonal basis set.

With a cutoff energy as high as 4800 eV (a total of 2×392 = 784 basis functions are used in these calculations), Fig. 3 clearly indicates that it is crucial to use the preconditioning scheme. A comparison between Figs. 1 and 3 reveals that when the optimal value of τ is used, the number of iterations to achieve the same accuracy remains roughly the same, even though the number of basis functions has more than doubled, which shows that the preconditioning scheme is indeed working.

Similar tests are performed on the bulk crystalline silicon system. The calculations on a 64-atom silicon unit cell are performed at the equilibrium lattice parameter of 5.43 Å with an energy cutoff of 200 eV. We have chosen R to be 3.1 Å which is sufficient for this purpose. These settings result in a total of 64 × 55 = 3520 basis functions for the calculations. In Fig. 4 we we note that our ‘best’ τ ∼ 1 eV is comparable with the value of 3.8 eV used by Bowler and Gillan [14]. We have performed another calculation with τ updated according to the highest kinetic energy of all approximate eigenvectors, which converges to 12 eV. The performance of this calculation is seen to be rather similar to that of the optimal cases with τ = 1 or 10 eV.

5 Conclusions

In this work we have proposed an iterative conjugate gradient method to obtain the lowest few eigenvalues and corresponding eigenvectors of the generalized eigenvalue problem Hx = εSx, which exhibits linear convergence. A preconditioning scheme which uses the kinetic energy matrix is introduced to improve the convergence of the solutions. The scheme is controlled by a single parameter whose optimal value may be chosen automatically.

Acknowledgement

C.K.G. acknowledges financial support from the Cambridge Commonwealth Trust and from St. John’s College, Cambridge. P.D.H. acknowledges a Research Fellowship from Magdalene College, Cambridge. We thank Michel Côté for his useful comments on the manuscript.

Appendix A

The pseudo-code for solving the generalized eigenvalue problem Hx = εSx based on the block update procedure is as follows, where H, S and T denote the N × N Hamiltonian, overlap and kinetic energy matrices respectively. Let X^{(k)} = [ X^{(k)}_1 , X^{(k)}_2 , . . . , X^{(k)}_M ] be an N × M matrix where X^{(k)}_i is the i-th column of X^{(k)}, and k labels the iteration.

The procedure is then:

k := 1 Choose X^{(1)} Choose convergence tolerance ϵ Orthonormalize X^{(1)} (Gram-Schmidt) Calculate Ω^{(1)} Choose Ω^{(0)} such that | |Ω^{(1)} − Ω^{(0)} | | > ϵ F^{(0)} := 0 A^{(0)} := 0 γ^{(0)}_1 := 1 while | | |Ω^{(k)} − Ω^{(k−1)} | | | > ϵ do Y^{(k)} := HX^{(k)} Z^{(k)} := SX^{(k)} P^{(k)} := (X^{(k)})^T Y^{(k)} F^{(k)} := Y^{(k)} − Z^{(k)}P^{(k)} Solve (S + T/τ)B^{(k)} = F^{(k)} C^{(k)} := (Z^{(k)})^T B^{(k)} G^{(k)} := B^{(k)} − X^{(k)}C^{(k)} γ^{(k)}_1 := tr ( (G^{(k)})^T F^{(k)} ) γ^{(k)}_2 := tr ( (G^{(k)})^T F^{(k−1)} ) γ^{(k)} := ( γ^{(k)}_1 − γ^{(k)}_2 ) /γ^{(k−1)}_1 A^{(k)} := −G^{(k)} + γ^{(k)}A^{(k−1)} E^{(k)} := (Z^{(k)})^T A^{(k)} D^{(k)} := A^{(k)} − X^{(k)}E^{(k)} λ_{opt} := linmin(X^{(k)}, D^{(k)}) (see Appendix B) X^{(k+1)} := X^{(k)} + λ_{opt}D^{(k)} Orthonormalize X^{(k+1)} (Gram-Schmidt) Calculate Ω^{(k+1)} k := k + 1 end In some applications, individual eigenvalues are needed. They can be obtained by a subspace rotation method where we simply need to diagonalize the M × M matrix X^T HX. If U diagonalizes X^T HX such that U^T (X^T HX)U = diag(ε_1, ε_2, . . . , ε_M ), we obtain the individual eigenvalues {ε_i; i = 1, . . . , M} with corresponding eigenvectors X^′ = XU.

Appendix B

To perform a line minimization from a point X^{(k)} along a certain direction D^{(k)}, we wish to find λ_{opt}, the optimum value of λ which minimizes f(λ) = M∑ m=1 (X^{(k)}_m + λD^{(k)}_m )^T H(X^{(k)}_m + λD^{(k)}_m ) (X^{(k)}m + λD^{(k)}m )^T S(X^{(k)}m + λD^{(k)}m )

. (27)

This may be achieved in several ways. First, by calculating the derivative of f at λ = 0,^{df}_{dλ} | | | λ=0, taking a trial step λ_t to evaluate f_t = f(λ_t) and making a parabolic fit to determine λ_{opt}.

Alternatively, since df dλ = M∑ m=1 2(a_m + λb_m + λ^2c_m) (1 + λ^2(D_m)^T SD_m)^2

, (28)

where

a_m = [( X^{(k)}_m )T SX^{(k)}_m ] [( D^{(k)}_m )T HX^{(k)}_m ] − [( X^{(k)}_m )T HX^{(k)}_m ] [( D^{(k)}_m )T SX^{(k)}_m ] , (29)

b_m = [( X^{(k)}_m )T SX^{(k)}_m ] [( D^{(k)}_m )T HD^{(k)}_m ] − [( X^{(k)}_m )T HX^{(k)}_m ] [( D^{(k)}_m )T SD^{(k)}_m ] , (30)

c_m = [( X^{(k)}_m )T SD^{(k)}_m ] [( D^{(k)}_m )T HD^{(k)}_m ] −

[( X^{(k)}_m )T HD^{(k)}_m ] [( D^{(k)}_m )T SD^{(k)}_m ] , (31) we find λ_{opt} as one of the roots of the quadratic equation a + bλ + cλ^2 = 0, (32)

where a = ∑ m a_m etc.

References

[1] S. Goedecker, Rev. Mod. Phys. 71 (1999) 1085.

[2] J. H. Wilkinson, The algebraic eigenvalue problem (Clarendon Press, Oxford, 1965).

[3] B. N. Parlett, The symmetric eigenvalue problem (Prentice-Hall, Eaglewood Cliffs, NJ, 1980).

[4] G. H. Golub and C.F. Van Loan, Matrix Computations (Johns Hopkins, Baltimore, 1996).

[5] W. Press, B. P. Flannery, S. A. Teukolsky, and W. T. Vetterling, Numerical Recipes, The Art of Scientific Computing (Cambridge University, Cambridge, England, 1986).

[6] C. Lanczos, J. Res. Bur. Stand. 45 (1950) 255. [7] E. R. Davidson, J. Comput. Phys. 17 (1975) 87.

[8] E. R. Davidson, in: G. H. F. Diercksen and S. Wilson, eds., Methods in Computational Molecular Physics, Vol. 113 of NATO Advanced Study Institute, Series C: Mathematical and Physical Sciences, 95 (1983).

[9] D. M. Wood and Alex Zunger, J. Phys. A 18 (1985) 1343. [10] J. H. van Lenthe and P. Pulay, J. Comput. Chem. 11 (1990) 1164. [11] C. W. Murray, S. C. Racine, and E. R. Davidson, J. Comput. Phys. 103 (1992) 382.

[12] M. R. Hestenes and W. Karush, J. Res. Nat. Bur. Stand. 47 (1951) 45. [13] M. R. Hestenes and W. Karush, J. Res. Nat. Bur. Stand. 47 (1951) 471. [14] D. R. Bowler and M. J. Gillan, Comput. Phys. Commun. 112 (1998) 103. [15] P. D. Haynes and M. C. Payne, Comput. Phys. Commun. 102 (1997) 17. [16] P. Hohenberg and W. Kohn, Phys. Rev. 136 (1964) 864B; W. Kohn and L. J.

Sham, ibid. 140 (1965) 1133A.

[17] P.J.H. Denteneer and W. Van Haeringen, J. Phys. C 18 (1985) 4127. [18] W. Pickett, Comput. Phys. Rep. 9 (1989) 115.

[19] C. A. White, P. Maslen, M. S. Lee, and M. Head-Gordon, Chem. Phys. Lett.

276 (1997) 133.

[20] M. C. Payne, M. P. Teter, D. C. Allan, T. A. Arias and J. D. Joannopoulos, Rev. Mod. Phys. 64 (1992) 1045.

[21] M. R. Hestenes and E. Stiefel, J. Res. Nat. Bur. Stand. 49 (1952) 409. [22] N. Troullier and J. L. Martins, Phys. Rev. B 43 (1981) 7892. [23] L. Kleinman and D. M. Bylander, Phys. Rev. Lett. 48 (1982) 1425. [24] Ceperley and Alder, Phys. Rev. Lett. 45 (1980) 566; J. Perdew and A. Zunger, Phys. Rev. B 23 (1981) 5048.

Fig. 1. Convergence of the sum of eigenvalues Ω (eV) as a function of iteration number for the chlorine molecule calculations using a cutoff energy of 640 eV. Ω_0 is the “exact” value from the direct matrix diagonalization. The curve labelled by empty diamonds (�) corresponds to the calculation where τ is updated according to the highest kinetic energy of all approximate eigenvectors.

Fig. 2. Convergence of the sum of eigenvalues Ω (eV) as a function of iteration number for the chlorine molecule calculation using a cutoff energy of 640 eV. The curves show the difference between the tensor-nature-preserving (TNP) calculations and non-tensor-nature-preserving (NTNP) calculations.

Fig. 3. Convergence of the sum of eigenvalues Ω (eV) as a function of iteration number for the chlorine molecule calculations using a cutoff energy of 4800 eV. Ω_0 is the “exact” value from the direct matrix diagonalization. The curve labelled by empty diamonds (�) corresponds to the calculation where τ is updated according to the highest kinetic energy of all approximate eigenvectors.

Fig. 4. Convergence of the sum of eigenvalues Ω (eV) as a function of iteration number for the 64-atom Si crystal calculations using a cutoff energy of 200 eV. Ω_0 is the “exact” value from the direct matrix diagonalization. The curve labelled by empty diamonds (�) corresponds to the calculation where τ is updated according to the highest kinetic energy of all approximate eigenvectors.